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Optimal production of public services in an
endogenous growth model”

Noritaka Maebayashi®

Abstract

This study investigates (i) the growth-maximizing, (ii) second-best, and (iii) first-best
welfare-maximizing policies when the government produces productive public services us-
ing capital and private goods. When the production costs of public services are financed
by income tax, the government spending—output ratio exceeds the output elasticity of pub-
lic services (Pareto-optimal level) under the growth-maximizing or second-best welfare-
maximizing policy. This leads to an over-use of resources by the government, over-provision
of public services, and under-accumulation of capital in a decentralized economy. Subsidies
on private investment, which is increasing in the contribution of publicly employed capital
to final goods, can resolve these inefficiencies.

JEL classification: E62, H21, H54

Keywords: Optimal production of public services, Productive government services, Endogenous
growth

1 Introduction

The relationship between public services and economic growth has been examined by many
economists. In his seminal empirical studies, Aschauer (1988, 1989) finds that the productivity
of services from public infrastructure and from investment in public infrastructure in the United
States are remarkably high. Based on these findings, Barro (1990) and Futagami, Morita, and
Shibata (1993) construct endogenous growth models in which productive public services have
positive external effects on output. Furthermore, they show that productive public services can
work as a driving force for the sustained growth of an economy. A more important implication
of the findings of Barro (1990) and Futagami et al. (1993) is that the growth-maximizing gov-
ernment spending—output ratio is the output elasticity of public services when public spending is
financed by a proportional income tax.

This growth-maximizing rule in Barro (1990) and Futagami et al. (1993) has been reconsid-
ered in several extensions to these works. Many theoretical studies indicate that even with such
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extensions, the growth-maximizing rule in Barro (1990) and Futagami et al. (1993) is strong.
From an empirical point of view, the output elasticity of infrastructure (or productive public ser-
vices) has estimated and examined using data from many countries. Recent empirical studies
(e.g., Roller and Waverman, 2001; Shioji, 2001; Esfahani and Ramirez, 2003; Kamps, 2006;
Bom and Ligthart, 2014) indicate that the output elasticity of infrastructure (or productive public
services) lies in the range 0.1-0.2, on average. However, the growth-maximizing rule in Barro
(1990) and Furagami (1993), as well as that studied in various other models suffer from an un-
realistic assumption that public services are indistinguishable from final goods. In other words,
the government does not produce public services, but instead simply purchases final output from
the private sector (see Barro (1990, p. 107)).

In a real economy, the government produces productive public services (goods) not only
by purchasing goods from private sector but also by employing human and nonhuman capital.?
This process of producing public services is supported by the OECD (2017), indicating that
government expenditure for the production of public goods and services is classified mainly as
compensation of employees in the public sector, or as goods and services used and financed by
general government (public intermediate consumption). Accordingly, investigating the relation-
ship between resource allocation for the production of public services and economic growth is
an important issue.

The first objective of this study is to investigate the growth-maximizing policy (hereafter, the
GM policy) when the government produces productive public services (goods) by employing
human and nonhuman capital and by purchasing intermediate goods from the private sector.
As part of this process, the government must decide (i) how to allocate human and nonhuman
capital between the private and public sectors, and (ii) the share of expenditure between the public
employment of capital and intermediate consumption in the public sector.

The second objective is to examine two kinds of welfare-maximizing policies under a pro-
duction process of public services: the second- and first-best welfare-maximizing policy. The
second-best policy (hereafter, SB policy) is a welfare-maximizing policy in a decentralized econ-
omy. More specifically, the government decides on the (i) resource allocation between the private
and public sectors, and (ii) the share of public expenditure within the public sector. In contrast
to the SB policy, the first-best welfare-maximizing policy (hereafter, FB policy) is the Pareto-
optimal resource allocations in both the private and public sectors. As for welfare-maximizing
fiscal policies, Barro (1990) shows the following two important implications. First, the GM pol-
icy coincides with the SB policy; that is, the optimal government spending—output ratio in the
decentralized economy is equal to the output elasticity of public services. Second, the govern-
ment spending—output ratio under the FB policy is also equivalent to the output elasticity of
public services. In order to check whether Barro’s rule holds when the production process of
public services is present, we compare three long-run policies: the GM, SB, and FB policies.

In order to study the GM, SB, and FB policies for the production of public services, we con-
struct a simple endogenous growth model in which the government produces productive public
services (goods) by employing human and nonhuman capital and by purchasing intermediate

"Exceptions to this view include Gomez (2008) and Agénor (2009). Gomez (2008) incorporates productive
public services into the Uzawa—Lucus model, and finds that productive public services do not affect economic growth
and there is no growth-maximizing rule. Agénor (2009) shows that the government spending—output ratio under a
growth-maximizing policy becomes larger than the output elasticity of public services if public spending on the
maintenance of public infrastructure decreases the depreciation of private capital.

2According to Turnovsky and Pintea (2006), governments invite bids from private contractors, who employ
private capital to carry out the project (nonhuman capital), in order to pass legislation on public investment.
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goods from the private sector. We deal with pure public goods (non-rival and non-excludable
productive government services) and consider balanced budget public finance based only on in-
come tax, in line with Barro (1990) and Futagami et al. (1993). In this study, the government
decides the growth- and welfare-maximizing (i) tax rate and (ii) share of tax revenue allocated to
expenditure on the public employment of capital and to intermediate consumption.

The main contributions and the policy implications of this study are as follows. First, the
GM, SB, and FB policies depend not only on the output elasticity of public services, but also
on the production technology of public services. More specifically, the contribution of resources
to the production of public services is a crucial determinant of the optimal production of public
services.

Second, the government spending—output ratio under the GM policy becomes larger than the
output elasticity of public services, in contrast to the findings of Barro (1990) and Futagami et
al. (1993). Furthermore, the outcomes under the GM, SB, and FB policies differ from each
other, which breaks Barro’s rule. Both the government spending—output ratio and the share of
expenditure on the public employment of capital under the GM policy are larger than those under
the SB policy. In addition, the ratio and share of expenditure under the FB policy are lower than
those under the GM and SB policies.

Finally, the government spending—output ratio under the FB policy is equal to the output elas-
ticity of public services, as in Barro (1990), even when the production process of public services
is present. In contrast to Barro (1990), this optimal size of government cannot be realized in
a decentralized economy when the production costs of public services are financed by income
tax. That is, neither the GM nor the SB policy can attain the Pareto-optimal production of public
services. In order to achieve the Pareto optimal allocation of resources, an additional policy in-
strument is necessary. Here, we find that a subsidy on investment in human and nonhuman capital
is an appropriate instrument. We show that the optimal subsidy rate is increasing in the output
elasticity of capital employed in the public sector. Without the additional policy instrument, there
is an over-employment of capital by the government, over-provision of public goods relative to
the size of the economy, and under-accumulation of capital. These differences from Pareto opti-
mality are increasing in the contribution of publicly employed capital to the production of public
services.

The differences from the Pareto-optimal production of public services are attributed to the
interaction between distortionary income tax and the market rental price of capital that the gov-
ernment employs. Distortionary income tax leads to lower growth of capital than its efficient
level. Accordingly, the government in a decentralized economy increases its employment of cap-
ital and attempts to raise the market price in order to foster growth of capital. An increase in the
rental price of capital has a negative effect on public employment. However, the long-run bene-
fits of economic growth, driven by an increase in the public employment of capital, are stronger.
This leads to an over-employment of capital, a higher government spending—output ratio, an
over-provision of public goods relative to the size of the economy, and an under-accumulation of
capital.

Related Literature
There are a few theoretical studies that examine the public production of government services in
the economic growth literature (e.g., Dasgupta, 1999; Turnovsky and Pintea, 2006). However,

these studies differ from the present study in the following respects.
First, Dasgupta (1999) focuses on the case of impure public goods, with excludability. With
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excludability, the government can charge the private sector for the use of public services at the
market price. Thus, a zero income tax rate is realized under both the GM and the SB poli-
cies. However, as in Dasgupta (1999), we find an over-employment of capital by the govern-
ment. Therefore, the possibility of an over-provision of public services would be independent of
whether or not the public services are non-excludable. In spite of this similarity, we show that
the mechanism behind the over-use of resources by the government in our study is different to
that of Dasgupta (1999).

Second, Turnovsky and Pintea (2006) use the neoclassical growth model and assume that the
government decides on public employment by its instantaneous cost minimization. Therefore,
they do not consider long-run optimal public policies. This is not in line with the long-term
strategy of the resource management in the public sector for economic growth proposed by the
OECD (2011). Furthermore, Turnovsky and Pintea (2006) show there is an under-employment
of labor and physical capital in the public sector, and an under-provision of public capital relative
to output, both of which differ from the results of this study.

Furthermore, our study is related to the literature on the optimal allocation of government
spending. Several recent studies have investigated the problem of allocating expenditure between
government infrastructure services and other types of government expenditure. For example,
Rioja (2003), Kalaitzidakis and Kalyvitis (2004), and Agénor (2009) consider expenditure on
the maintenance of public capital. Then, Agénor (2008) examines public health spending, and
Maebayashi (2013) studies social security spending. Kafkalas, Kalaitzidakis, and Tzouvelekas
(2014) consider the monitoring of expenditure to detect tax evasion. However, the resource-
allocation problems within the public sector examined in this literature are different from those
associated with the public production process in our study.

Finally, in the theoretical literature of economic growth and public spending, the findings
on the issue of whether the size of the government relative to GDP is efficient or inefficient are
inconclusive. Barro (1990) shows that the public policy in a decentralized economy leads to an
efficient size of government. Ghosh and Roy (2004) show that the optimal government spending—
output ratio in a decentralized economy is lower than that in a centrally planned economy, using
an endogenous growth model with a flow of public services and a stock of public capital. Das-
gupta (1999) indicates the possibility of over-employment of capital by the government. Here,
empirical evidence is again inconclusive. For example, Karras (1996, 1997) shows that the gov-
ernment sizes in OECD countries and in most European countries are efficient. However, Bom
and Ligthart (2014) show that public infrastructure is undersupplied in OECD economies. On the
other hand, Tanzi and Schuknecht (2000) conclude that the government sizes in the high-income
European economies exceeded the optimal level in the second half of the 20th century. Facchini
and Melki (2013) also show that the government size in France has been continuously larger than
the efficient level since the 1950s. Our results and those in Dasgupta (1999) are partly consistent
with the empirical findings of Tanzi and Schuknecht (2000) and Facchini and Melki (2013).

The remainder of this paper proceeds as follows. Section 2 introduces the model. Section 3
characterizes the equilibrium of the market economy. Section 4 examines long-run government
policies in market equilibrium. Section 5 solves the optimization problem of a centrally planned
economy, and characterizes the Pareto-optimal production of public services. Section 6 assesses
the inefficiency caused by market failures in a decentralized economy when the public services
are financed by income tax, and proposes public policies that attain Pareto-optimal production in
a decentralized economy. Finally, Section 7 concludes the paper.
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2 Basic Framework

Consider an economy composed of an infinitely lived representative household (the population
size is unity), a continuum of competitive firms, and the government. One kind of traded good
is produced by the firms and these goods can be used for consumption or investment. Capital in
this economy is viewed broadly as encompassing both human and nonhuman capital, as in Barro
(1990). The government balances its budget at each moment in time by levying a flat tax rate
on output. It purchases goods and employs capital from the private sector to produce productive
government services. Because these services are pure public goods, they are used free of charge
for both private and public activities.

2.1 Production of Final Goods

We assume that each firm is identical and they sum to unity. In each firm, the final good’s pro-
duction technology is assumed to take a Cobb—Douglas form,

Y, = ASS (1 — ug) Ky, A>0, 0<a<l, (1)

where Y; and K; are the final output and (human and nonhuman) capital, respectively,® S, ; rep-
resents the productive government services,* and u,; is the public employment ratio, that is, the
ratio of capital allocated to the public sector in period ¢. Each firm takes S, ; and u,; as given.
Competitive firms decide on their capital input, (1 — u,,) K, so that the marginal cost of capital
is equal to the marginal product. Therefore, the rental rate of capital, r;, is given by

re= A1 = )8 [(1 — uy ) K| = 11_;; (;?t) . ®))
Here, r; encompasses the rate of return from both human and nonhuman capital because K,
includes both type of capital. Equation (2) indicates that a rise in the public employment ratio,
Ug,., increases the marginal product of capital in the private sector. Hereafter, we refer to this as
the capital-intensity effect.

The specification of the production function in (1) assumes constant returns to scale at the
social level, but decreasing returns to scale at the private level. This allows firms to earn positive
profits,

m = aY;. 3)

Because the household owns all shares of the firms, these profits are distributed to it.

2.2 Production of Government Services

The government produces public services, S, ;. The production technology of government ser-
vices is assumed to be

Syi =GP S (ug, K) P2 0< B <1, 0< By <1 B (4)

3Because each firm is identical and they sum to unity, Y; and K, are identical to the aggregate output and capital,
respectively.

#We do not investigate the congestion effect studied by Barro and Sala-i-Martin (1992) and Turnovsky (1997);
these are left to future work.
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This specification indicates that productive government services are produced by final goods
purchased by the government, G;, and the capital employed in the public sector, u,,K;. We
assume that the government pays the same rental rates, r,, as in the private sector in each period.?
As in the case of private goods production, the production process of productive government
services, S, ¢, results in a positive externality. Then, (4) is rewritten as

L
=15
Here,0 < 5 < land 0 < 5 < 1— fj ensure that 0 < w < 1. Whenw = 1 (i.e., (£, f2) =

(1 —a,a) or (B, B2) = (1,0)), the case of Barro (1990), S,; = G, is realized. Thus, (5)
includes a more general setting in the production of public services than that of Barro (1990).

Sgp = G (ugJ$;)' %,

o)

2.3 Household

The representative household derives the following utility from the consumption of goods, C;:

00 0170 -1
U= [ et
0 l1—0

where p(> 0) denotes the subjective discount rate, and 1/0 is the intertemporal elasticity of
substitution. Furthermore, he/she supplies K, units of capital to the private firms or to the public
sector and earns the same income from capital, regardless of whether it is supplied to the private
or public sector (see Subsection 2.1). Indifference between supplying capital to the private and
public sectors and K; = (1 — ug,t)Kt + g, K, leads to the following flow budget constraint for
the household: .

Ky =1 —7)r(1 —uge) Ky + rpug Ky + m) — Cy, (6)

where 7 € (0, 1) is the constant income tax rate. The household chooses C; and K, to maximize
its utility subject to (6), taking 7, r;, and K as given. The first-order conditions yield

C, 1
a—;[(l—T)Tt—PL @)

and the usual transversality condition (TVC), lim;_,, e "'C; 7 K; = 0.

2.4 Government

For the production of pure public services, the government levies a flat tax on income at rate
7, and keeps a balanced budget at each moment in time. The tax revenue from households is
Tir(1 — ug ) Ky + ryug K + m), which is equal to 7(Y; + rug,K;), from (2) and (3). This
tax revenue is allocated between spending on final goods purchases and payment for the public
employment of capital. Letting /7, denote total government spending, we obtain

(Y, + rug Ky) = Egy = Gy + 1yug K. ®)

3This assumption follows Turnovsky and Pintea (2006).
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Let ¢ € [0, 1] be a constant fraction of tax revenue spent on the public employment of capital.
Then, (8) leads to

OT(Yy + rug Ky) = riug K, C))
(1 = )7(Ye + reug Ky) = G (10)

As examined in Section 4, the government chooses the policy set (7, ¢) to satisfy its long-run
objectives; namely, growth or welfare maximization. For these long-run objectives, the gov-
ernment must consider resource allocations both within the public sector and between the private
and public sectors. The former represents the allocation of tax revenue between the cost of public
employment, r,u4 K, and final goods purchases, G;. The latter represents the choices of public
employment, u, K, which increases public services, but crowds out private inputs, (1 — u, ) K.
These government policies are different from that in Turnovsky and Pintea (2006), in which the
government minimizes its instantaneous costs for the production of public goods.

3 Market Equilibrium

In this section, we derive the market equilibrium and characterize the dynamics of the economy.
Substituting (5) into (1), we can rewrite the final good’s production technology as

Vi = A[(1 = ug ) K% (uy K, G (11)

Here, we find that final goods purchases, G, and the public employment of capital, u, ,/;, have
positive externalities on final output, Y}, at rates of aw and o(1 — w), respectively.

Substituting (2) into (9) and (10) yields the public employment ratio, 14, and the public pur-
chase ratio, G;/ Y, respectively:

_ o7
ug = m, (12)
d
an G _(l-ou)(l-¢)r _ (1—¢)r (13)

Y, 1—u, 1—or

(12) and (13) state the following. First, both the public employment ratio, u4, and the public
purchase ratio, G;/Y;, become constant over time. Second, an increase in 7 has positive effects
on both u, and G;/Y;.° Third, the choice of ¢ leads to the trade-off in the allocation of public
resources within the public sector, which is represented by (12) and (13) as du,/0¢ > 0 and
I(G4/Y;)/0¢ < 0, respectively.’

The ratio of government spending to output ratio and that of public services to output are
derived by substituting (11), (2), (12), and (13) into (8), and by using (5) and (11) as

Eg,t o T

Zot _ . 14
V. —or (14)
60u, _ (1-a)¢ AG/Y) _ _1-¢
70()11_ = 4[1_(111(71;;«:.)]2' > 0 and a(g,/ry) = (1_(?11:2)7—> 0.
56 = [=ati-gnp > 0a0d T55— = —ti=gnz < 0-
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and
(1—a)(1-w) w(l—a)

Sg,t 1w Gt “ Kt e . 711_—w Ug I—aw Gt I-aw
Y, ~ u, Y, Y, =A = Y, ) (15)

respectively.

From (2), (3), (6), and (8), the resource constraint of the economy is given by K, =Y, -
C, — G,. Substituting (11) into it and using (12) and (13), we obtain vy = % = 11_*(;7 }?L % =

_r - ) o 1 l—a o a aw a(l-w)
TR — G where U = ATas (1 — a) s and Q(7,¢) = 7705 (1 — ¢) Tas g i (1 —

¢7)” =5 . Next, substituting (2) and (11) into (7), and using (12) and (13), we obtain y¢ = & =
LW (1 — 7)Q(r, ) — p]. Here, yc is positive as long as ¥(1 — 7)Q(7, ¢) > p. When we define

Cy/K; = x4, we have &, /x, = yo — 7 = o + [%@;ﬁﬂ V(1 —71)Q(r, ¢) — £. Thus, 2,

jumps to the following unique steady state and takes a strictly positive value,

1 [o—1+a(l—o¢r) P
= — U(l—1)Q - 16
o= [T wa - o) + 2, (16)
aslong as 1 [%@;@T)} U(1—7)Q(1,¢)+ £ > 0.8 To ensure this condition, we assume o >

1.% Because this economy is initially on the balanced-growth path (BGP), in which consumption
and the stock of capital grow at the same constant rate v = ¢ = yx, we obtain
1
v =—[¥(1 =7)Qr ¢) — pl. (17

g

Here, the necessary and sufficient condition that ensures v > 0 is
V(1 —71)QT, 0) > p. (18)

Because C’t /Cy = Kt /K; = ~ holds from the initial state, consumption and capital stock in
period ¢ are expressed as C; = Cpe?t and K; = Kye™*, respectively. By substituting these into
the TVC, we find that the TVC is satisfied along the BGP if v(1 — 0) — p < 0. Obviously, under
o > 1 and (18), the TVC is satisfied. We summarize these results in the following proposition.

Proposition 1

A unique BGP exists in which o > 1 and (18) ensure v > 0, x > 0, and the TVC. No transitional
dynamics exist in the market economy.

Without the production of public services, w = 1, this model is identical to that of Barro (1990)
and, thus, derives the decentralized equilibrium condition in Barro (1990). Therefore, as would
be expected, Barro’s (1990) equilibrium conditions are a special case of w = 1 in this model.'

8This means that there are no transitional dynamics, as in the standard AK model.
“Most empirical results support ¢ > 1.

101 we now reapply the method presented in Section 2, we obtain the decentralized equilibrium condition in Barro
(1990), as follows. First, public service is identical to public purchases, S, ; = G, and the budget constraint of the
government is G; = 7Y;. Second, the budget constraint of the representative household is Kt =1-7Y,—-C
and the technology of the final goods sector is Y; = AS;,,K}‘Q.
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4 Government Policies in the Market Economy

We now examine the GM and SB policies. Here, we denote item X as a solution to the growth-
maximization and welfare-maximization problems, X“™ and X respectively.

4.1 Growth Maximization

From (17), setting /07 = 0 and 9y/0¢ = 0, and solving, yields the following results.

Proposition 2

The income tax rate, expenditure share and government spending—output ratio that maximize the
long-run growth rate are given by

GM
GM POM — l-w and L, _ a(l — aw) S a
' 1—aw '

11—«

The public employment ratio, public purchase ratio, ratio of public goods to private goods (mea-
sured by GDP), and long-run growth rate under the GM policy are obtained as

aM
uCM — (1-wa Q — aw
g 1—a+ala—w)’ Y ’
(—a)(1-w)

S\ M (1-w)a] T w(i—a)
—7 = \I}f(lf"") 7 T—aw

( Y > l—a (aw) 7

and 1
y —a a(l-—w ey aw
FeM = - {\11(1 — a)ll_m(l — w)ﬁamwm —pl.

Proof: See Appendix A.

Proposition 2 provides the following interesting implications. Despite the fact that public services
exert a positive external effect in both the private and the public sectors, the tax rate under the GM
policy, 7€M is determined only by the output elasticity of government services, «, as in Barro
(1990) and Futagami et al. (1993). In contrast, the share of spending under the GM policy, ¢“,
depends on the parameters in both the private and public production functions (i.e., a, 5, and (5).
This reflects the resource allocations within the public sector and between the public and private
sectors. As a result, the public employment ratio, u$"', the public purchase ratio, (G/ Y)SM | the
ratio of government services (S,/Y )", and the long-run growth rate, v“*, also depend on the
specification of technology in both sectors. Finally, the government spending—output ratio under
the GM policy becomes larger than the output elasticity of government services, «, in contrast
to the findings of Barro (1990) and Futagami et al. (1993). This is attributed to the fact that the
government spending—output ratio is larger than the income tax rate (see (14)).
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4.2 Welfare Maximization

Next, we investigate the SB policy (i.e., the market optimum). The government’s problem here
is to choose sets of policy variables (7, ¢) to maximize the following indirect utility function:'!

_ o] prt (xe'yt)lfa -1 _ (‘,E)lfo
O R e =T =T )

Because U depends on v, maximizing social welfare also depends on the specification of tech-
nology in both the private and the public sectors. For this welfare maximization, we set the
following assumption on the parameters.

Assumption 1 We assume parameter sets («, p, o, 51, B2, A), which prohibit either (I) tax rates
T that satisfy 3(;%" > 0 at % = 0 for all ¢ € [0,1] or (I) expenditure ratios ¢ that satisfy

aazqg() >0at%_(i;20f0rall7'e(071)

Then, Appendix B derives the following proposition.

Proposition 3

(i) The SB policy (757, ¢F) exists in the market economy.we obtain u? = uy(757, ¢$57),
SB 3 s,\°B S .
(£)*” = &(758,45B), (%) = 52(rSB ¢5B), oSB = p(rSB, ¢5P), and 45F =

(758, $5B). Assumption I ensures the uniqueness of (52, ¢58), as shown in Figure 1.

SB GM
(i) 758 < 7OM p5B < pGM, (%) < 7‘7) and u*ggB < ugGM hold, whereas the signs
, SB M
5B GM .
of(g) — (%) and (%) — (%) are ambiguous.

Proposition 3 demonstrates the following. First, the tax rate, 7, the expenditure ratio, ¢, and
the government spending—output ratio, E,/Y, under the SB policy are all smaller than those
under the GM policy.'? Second, the optimal ratio of public employment, w,, is lower than that
under growth maximization, because du, /0T > 0 and Ju,/d¢ > 0 (see the paragraph following
(12) and (13)). As a result, the GM policy does not coincide with the SB policy, which breaks
Barro’s rule.

The intuitive explanation for these results is as follows. Under the GM policy, it is expected
that the capital-intensity effect (see (2)) and the positive external effect of public services influ-
ence growth. These effects increase public employment and promote capital accumulation, but
at the cost of current consumption. As aresult, z(= C;/K}) falls below the market optimal level,
which induces a higher tax rate and a higher share of expenditure on public employment than
those at the market optimal level.

4.3 Numerical Examples

This subsection derives explicit numerical solutions for the public sector under the SB policy
because it is difficult to do so analytically. These solutions are then compared to those under the

'We use Oy = Cpe?t = Koze to derive (19). In this study, we specify Ky = 1 and note that the condition that
utility be bounded ensures that p > (1 — o).

127GM » 75B and &M > ¢35 under public production of public goods are in line with Bhattacharyya (2016)
who assumed the household-producer of productive public goods.
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Figure 1: The relationship between Uy and (7, ¢)
Note: (A, p, o, a, B1, B2) = (0.2,0.04,1,0.2,0.42,0.2) .

GM policy. Throughout the subsequent numerical analyses, we assume the following. First, the
positive externality of government services is the same for the private and public sectors (o = (35).
Second, we regard private capital, K, as human capital only, and exclude physical capital because
there are no certain data on the public employment of physical capital. Furthermore, we set the
baseline parameter values as follows:

a=02, B =042, B, =02, o=1, p=004, A=02

Note that 0 = 1 and p = 0.04 are widely accepted values. Using the above parameter set, we
obtain a plausible long-run growth rate of 0.0264 (0.0263), a ratio of consumption to GDP of
0.6025 (0.6042), a ratio of expenditure for public employment to GDP of 0.1188 (0.0997), and
a ratio of expenditure of purchasing goods from the private sector to GDP of 0.1050 (0.1050)
under the GM (SB) policy.”* According to the World Development Indicators, the growth rate
of GDP in the OECD countries between 1970 and 2014 was 0.0265, on average, and the ratio
of consumption to GDP in the OECD countries between 1970 and 2013 was 0.5977, on average.
Furthermore, according to the OECD (2017), the ratio of compensation of general government
employees to the average OECD GDP was 10.60%, on average, between 2007 and 2015, while
the ratio of public purchases of goods and services to the average OECD GDP was 9.57%, on
average, during the same period. Table 1 summarizes the parameter values and compares the
steady-state values of the variables, as obtained from model with the data averages.

B3This fitness is in line with empirical results that developed countries take a growth-maximizing policy (e.g.,
Karras, 1996; Kamps, 2005; Canning and Pedroni, 2008). Kamps (2005) shows there is no infrastructure shortage
in the EU, from the viewpoint of growth maximization. Canning and Pedroni (2008) find that infrastructure is under-
provided in some countries and over-provided in others, compared with their respective growth-maximizing levels.
Calder6n and Servén (2014, p. 10) refer to Kamps (2005) and Canning and Pedroni (2008), and conclude as follows.
“On average, the level of infrastructure is ‘just about right’ from the point of view of growth maximization, so there
is no evidence of a generalized infrastructure shortage.”
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Desciption GM SB Data average
(the OECD average)
Long-run growth rate of GDP 0.0264 0.0263 0.0265
Consumption-to-GDP ratio 0.6025 0.6042 0.5977
Compensation of government employees-to-GDP ratio 0.1188 0.0997 0.1060
Public intermediate consumption-to-GDP ratio 0.1050 0.1050 0.0957

Table 1: Solutions under GM and SB policies and data averages

Table 2 shows the results for the GM and SB policies under the parameter values given above.
The main findings from Table 2 are summarized as follows. 758 < 7GM ¢SB < ¢&M and ug B <
u§™ hold, as expected from Proposition 3. In addition, we find that ()5 is approximately
equal to (£)M, while (52)57 is smaller than (52)%, from the numerical example of the average
OECD economy. Therefore, both resources used and public services provided by the government

under the GM policy are larger than those under the SB policy.

S Pareto-Optimal Production of Public Services

In this section, we solve the social planner’s problem and characterize the Pareto-optimal pro-
duction of public services. The social planner’s objective is to choose Cy, G, u,,, and K, to
maximize utility, Uy, subject to the resource constraints of the economy. The current value Hamil-

tonian can be written as H; = Gt + A {A[(l - uw)Kt]1’“(ug,th)“(1’“’>G,?“ - C, - Gt},

l—-0o
where )\; denotes the co-state variable associated with the resource constraint. From the opti-

mization, we obtain the following solutions:

OH; e

a—a =0= Ct =X\ (20a)

O a(l—w)(1 —ugy) — (1= a)uy, =0 (20b)

aug,t ) )

% =0 = Aaw(uy)* (1 —u, ) TG IK ] T = 1 (20c)
t

OH, - Y,

a—[(t = pAt — )\t = AtA(l CY(A)) <Kt> 5 (20d)

T 0] E,)Y Uy G/Y Sg/Y

GM policy 0.2000 0.5307 0.2238 0.1293 0.1050 0.3630
SB policy 0.1861 0.4871 0.2047 0.1108 0.1050 0.3369

Table 2: Comparison between the GM and SB policies
Note: (A, p,o,a, B, 52) = (0.2,0.04,1,0.2,0.42,0.2).
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and the TVC: lim_, e ”*C,; “ K, = 0. The conditions (20a) to (20d) and (11), together with
the initial condition K and the TVC reduce to the dynamics of z,(= C;/K}). The centralized
economy jumps to the steady-state, initially, as the market economy does. Along the optimal
path, Y;, K;, G, and C; all grow at the same constant rate.

By letting item X of the solutions be X¥® under the FB policy, we obtain the following
proposition, from (20a) to (20d) together with (11) and (15).

Proposition 4

Under the first-best allocation of resources, the public employment ratio, the public purchase
ratio, and the ratio of public goods to private goods (measured by GDP) are given by

uFB — (1-w)a Q " — aw
g 1—a+ (1 —-w)a’ Y '

and

S\ P (-a)(1-w) w(l-a)
<Y€) =0 091 —w)a] T (aw) T .

In addition, the economy attains the following long-run growth rate:

1 all-w) _a aw
fyFB = ; |:\I](1 — w) l—aw (yl-aw(l-ow — p s

and the following constant value of x:

a(l-w) a aw
2B — 071(0' - DY (1l —w) e aT=aw yT—aw + B
g

We find that the set of first-best outcomes, (u)”, (G/Y)"P, (S,/Y)FB, 4FP, 2FP) is related to
the specification of the production technology in both sectors. This reflects the efficient allocation
of resources by the central planner both within the public sector and between the public and
private sectors.

As in Barro (1990), we consider whether the FB policy can be implemented under a lump-
sum tax finance in a decentralized economy. Under a lump-sum tax finance, the private marginal
return on capital is 7, (see (2)), rather than (1 — 7)r, and, therefore, the Euler equation is given

by _
G o {u—ug) (?) "’] = @D

Suppose that the lump-sum tax, 7}, is proportional to the total income of households. Then,
the tax revenue is given by 7, = 7.(Y; + ru,, [K;), where 7, € (0, 1) is the lump-sum tax
rate. The budget constraints of the government are 7,(Y; + riug ) = By = Gy + rug K,
oL (Y +rug ) = ryug IS, and (1 — @)1, (Yy + 1wy, [K;) = Gy. As in the derivations of (12)
and (13), we obtain

_ OTL
T T gm) -
d
" G (—au)i-)n _(1-d)m .

Y, 1 —u, 1—or
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The optimal policy is to choose (71, ¢) such that u, = u/”, (G/Y) = (G/Y)*P and ~, = 4P
hold. From (22), (23), and (21) in the market economy, and u/? = —{=ge (&)
and 7% = 1[(1 — aw)3% — p] in the centrally planned economy, we obtain the following result.

= aw,

Proposition 5

The optimal lump-sum tax rate, optimal expenditure share, and optimal government spending—
output ratio under lump-sum tax finance are obtained as

o £\ FB
FB _ _ FB _ 1 _ d Ly —
I TF0-wa 0] w, an % a,

respectively.

Proposition 5 demonstrates that the Pareto-optimal government spending—output ratio is the
output elasticity of public services, a, and the Pareto-optimal share of public expenditure for
public employment of capital, u, K, is 1 — w: the elasticity of S, with respect to u,K (see (5)).

6 Inefficiencies Under Income Tax Finance

Although the provision of public services using solely a lump-sum tax finance attains the first-
best outcome, it is difficult to implement in reality. In fact, the governments in many countries
use income tax to provide public services. Under income tax finance, government policies such
as GM and SB policies in a market economy can depart from Pareto optimality because of the
distortionary effect of income tax. However, according to Barro (1990), even with this distor-
tionary effect, the ratio of public services to output (resource use in the public sector) becomes
efficient when the government pursues a GM or SB policy. Here, the objective is to investigate
whether the resource allocation in the public sector is efficient under a GM or SB policy in a
market economy with the public production of public services. If not, we assess the inefficiency
caused by the public production of public services.

First, we compare the outcomes under the GM and FB policies. From Propositions 2 and 4,
we obtain the following result.

Proposition 6

UG > B, (GJY )N = (GIY )PP, (By/Y)E > (By/Y )P, (S,/Y)EM > (,/Y)FP, and
’yGM <7y B hold.

We find that growth maximization induces over-employment in the public sector, and this over-use
of resources by the government causes a higher government spending—output ratio (£, /Y )¢ >
(E,/Y)!P) and the over-provision of public goods relative to private goods ((S,/Y)“M >
(S,/Y)F®). In addition, growth maximization causes the under-accumulation of capital (a lower
growth rate than that at the first-best outcome). However, the public purchase ratio under growth
maximization, (G/Y)“M, becomes efficient, as in Barro (1990).
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Figure 2 shows the differences in the variables between the GM and FB policies: AX =
XCEM _ XFB when (3 varies in the range 3; € (0,1 — «) and 3, = «.'* Then, Aug,, AE,/Y,
AS,/Y,and A(u,K +G)/Y (the differences in resource use by the government) are decreasing
in ;. Although A~ has an inverted-U relationship with 1, we can understand that A~ is also
decreasing in 31, unless [ is sufficiently large. From the definition of w (see (5)), the differences
from Pareto optimality tend to be increasing (decreasing) in the contribution of u,K (G,) to the
production of S;: 1 — w (w).

Next, we compare the outcomes under the SB and the FB policies numerically, because it is
difficult to do so analytically. We use the same parameter values as in Section 4. Table 2 provides
the following results.'?

Result 1

The SB policy in the market economy causes over-employment in the public sector, u3? >

ul'®, an over-use of resources by the government, (u,K/Y)5% + (G/Y)%% > (u,K/Y)FP +
(G/Y)FB, a higher government spending—output ratio, (E,/Y)*? > (E,/Y)'B, an over-
provision of public goods relative to private goods, (S,/Y )58 > (S,/Y)F'B, and an under-
accumulation of capital, v°F < ~F'B, all of which are common to the growth-maximizing policy.

According to recent empirical studies (e.g., Roller and Waverman, 2001; Shioji, 2001; Esfahani
and Ramirez, 2003; Bom and Ligthart, 2014), the output elasticity of infrastructure lies in the
range 0.1-0.2. Therefore, we check the robustness when o = 0.1.'6 Table 3 shows that result 1
is robust, even if a(= (33) changes to 0.1.

Next, we define the Pareto disparity of variable X between the SB and FB policies as AX =
X5B — XTB_ How the Pareto disparity changes when f3; varies in the range 3; € (0,1 — a) is
represented in Figure 3. Figure 3 shows that Au,, AE,/Y, AS,/Y, and A(u,K + G)/Y are
decreasing in 3. In addition, A~ is decreasing in (31, unless /3 is sufficiently large. Therefore, the
differences from the Pareto optimal value tend to be increasing (decreasing) in the contribution
of uy, K (Gy) to the production of Sy: 1 — w (w).

We consider the intuitive reasoning behind the above result in order to understand the effects
of market failures. First, the result of an under-accumulation of capital is common to the findings
of previous studies, such as Barro (1990) and Ghosh and Roy (2004). Owing to the distortionary
effect of income tax and the positive externality of public services, the market economy enjoys
higher current consumption, at the cost of capital accumulation, than in the case of the centrally
planned economy.

Next, this negative distortionary effect on capital accumulation drives the government to in-
crease the growth rate, regardless of whether its objective is growth maximization or welfare
maximization. Then, the government increases the public employment ratio, u,, and raises the
rental price of capital, r;, to influence growth through the capital-intensity effect. This is the pos-

“When 8; = 1 — aand By = a, the case of Barro (1990) is realized, as mentioned in the paragraph following
5).

SNote that (uyK/Y) + (G/Y') can be larger than one because the ratio of private capital to GDP in most OECD
member countries is much larger than one, as per the Database on Capital Stocks in OECD Countries of the Kiel
Institute for the World Economy.

16We choose 31 = 0.45 when o = 0.1, which yields a plausible ratio of compensation of government employees
to public intermediate consumption of 1.10 (1.01) under the GM (SB) policy, because the average OECD value
between 2007 and 2014 is around 1.10.
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itive distortionary effect that stems from the production of public services. In contrast, arise in r;
raises the cost of employing capital and has a negative distortionary effect on public employment.
The finding of over-employment in the public sector indicates that the positive distortionary effect
dominates the negative effect. This over-employment in the public sector leads to the over-use
of resources by the government and the over-provision of public goods relative to private goods.
The larger the contribution of publicly employed capital to the production of public services,
1 — w, the stronger the capital-intensity effect is and, therefore, the difference from the Pareto
optimal value increases as 1 — w increases.

Dasgupta (1999) shows that over-employment in the public sector occurs when the govern-
ment produces services with excludability (i.e., impure public goods). Therefore, over-employment
in the public sector occurs independently of whether excludability in public services is present.
However, the mechanism of the over-employment in the public sector in Dasgupta (1999) is dif-
ferent from that in this study. In Dasgupta (1999), the government can rely on sales revenue from
public, goods owing to their excludability. Hence, the market economy tries to raise welfare by
reducing the tax burden to zero. Thus, the market economy can attain a higher growth rate than
that of the centrally planned economy. This over-accumulation of capital boosts sales revenue of
impure public goods and induces the over-employment of capital in the public sector.

Policy Implications

In the rest of this section, we consider the Pareto optimal public policies. In order to achieve
Pareto optimality, the government needs to resolve both the over-employment of capital in the
public sector and the under-accumulation of capital.

Here, we first introduce the lump-sum tax, 7;, and the consumption tax on the household at
rate 7.(> 0) to finance the subsidy on investment, because these taxes cause no distortion. Thus,
we rewrite the household’s budget constraint as

(1-— S)Kt =1 —=7)[r(l —ug ) Ky + rug G +m] — T — (14 7.)C, (24)

where s denotes the subsidy rate, and sKt = 1.Cy + T, is satisfied. The Euler equation under

this constraint is given by

Co 1[(1—7)(1— Y,

J:_M L) —pl =7 (25)
Cy o |(1—s5)(1—-uy) \ K,

The optimal policy is to choose (7, ¢, s) such that u, = u)?, (G/Y) = (G/Y)"? and 7 = P

hold. From (12), (13), and (25) in the market economy, and u/* = %, (%)FB

and vF'P = %[(1 —aw) % — p| in the centrally planned economy, we obtain the following result.

= aw,

Proposition 7

The government spending—output ratio and expenditure share under the FB policy are consistent
with those obtained in Proposition 5: (E,/Y )P = a.and ¢"P = 1—w, respectively. The income
tax rate under the FB policy , 7P, also coincides with lump-sum tax rate, i’ in Proposition 5
(ie., 7FB = m ). The optimal subsidy rate, s*' is obtained as
$FB _ (1 -—w)a .
1+ (1 -w)a
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Proposition 7 indicates that a subsidy on investment in capital can remove inefficiencies. The
size of the subsidy is characterized only by the output elasticities of publicly employed capital,
(1 — w)a, (see (11)), and is increasing in (1 — w)a. This reflects the aforementioned result that
the differences from Pareto optimality are increasing in 1 — w.”

In addition, from Figure 4, we find that the income tax rate and expenditure share under the
FB policy are smaller than those under the GM and SB policies (777 < 798 < 7GM and ¢f'P <
#B < ¢“M). From these, the government spending—output ratio under the FB policy becomes
smaller than those under the GM and SB policies ((E,/Y)F8 < (E,/Y)%8 < (E,/Y)%M).

7 Conclusion

We have examined the GM, SB, and FB policies associated with the public production of non-
rival and non-excludable productive government services in an endogenous growth model. The
optimal policies reflect (i) optimal government spending (taxation) and (ii) an optimal allocation
of tax revenue between compensation of publicly employed capital and public intermediate con-
sumption. In this production process of public services, the government must decide on (i) the
resource allocation of human and nonhuman capital between the private and public sectors, and
(ii) the share of expenditure between the public employment of capital and public intermediate
consumption within the public sector. The main results from our investigation are summarized
as follows.

First, the GM, SB, and FB policies depend on not only the output elasticity of public services,
but also the production technology of public services. More specifically, the contribution of
resources to the production of public services is a crucial determinant of the optimal production
of public services.

Second, the government spending—output ratio under the GM policy becomes larger than the
output elasticity of public services, in contrast to the findings of Barro (1990) and Futagami et
al. (1993). Furthermore, the outcomes under the GM, SB, and FB policies differ from each other
and, therefore, break Barro’s rule. Both the government spending—output ratio and the share of
expenditure on the public employment of capital under the GM policy are larger than those under
the SB and FB policies.

Finally, the government spending—output ratio under the FB policy is consistent with the out-
put elasticity of public services. However, this optimal size of government cannot be realized in a
decentralized economy when the production costs of public services are financed by income tax.
In order to achieve the Pareto optimal allocation of resources, a subsidy on investment in capital
might be necessary. We show that the optimal subsidy rate is increasing in the output elasticity
of capital employed in the public sector. Without such a policy instrument, over-employment
of capital by the government, an over-provision of public goods relative to the size of the econ-
omy, and an under-accumulation of capital occur. These differences from Pareto optimality are
increasing in the elasticity of capital to the production of public services.

From the definition of w, (1 — w)« is decreasing in 3.
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Appendix

A Proof of Proposition 2

From (17), maximizing -y with respect to 7 and ¢ is equivalent to max In(1 — 7)Q(7, ¢). The

T?

first-order conditions of this problem are

;oo 1 a 1, o 9 _ (A1)
l—-7 l—awt 1l—awl—or
w 1—-w T
: — =0. A2
¢ ot 14 (A2)
Rewriting (A.1) as 175 = %ﬁ — i and substituting it into (A.2), we obtain
aw
= A3
T (1 —aw)p (A.3)
Substituting (A.3) into (A.1), we obtain
) 1-—
goM = —— % (A4)
1—aw

From (A.3) and (A.4), we obtain 7" = . Substituting the values of 7 and ¢“™ into (12),
(13), (14), (15), and (17), we obtain u$™, (&)eM, (%)GM (%)GM, and %M | respectively, in
Proposition 2.

B  Proof of Proposition 3

By differentiating (19) with respect to 7 and ¢, we obtain

oU, e —v(l—=0)ox O
R p=all=0)0r  on) (B.1)
or  [p—~v(1—-0)? x or 0t
and oU, ! 1 0 0
7 — —0)0x
o . [p 1 —0)dz 1] , (B.2)
% a0 | « 02
where,
dx Oz _ ap(1-7)¥Q(1,¢) + o—l4a(l—¢71) 8y  ar(1-7)¥Q(7,¢) + o—1+a(l-¢1) oy
or  0¢ | _ [1—a(l—¢7)]2 1—a(l—¢7) Ot [1—a(l—¢71)]? 1-a(l—¢T1) 0¢
O Oy Y [-Q(7,4)+(1-7)Qr (7,4)] V(1-7)Q¢(7.¢) ’
ar  O¢ o o

af)(r, aQ)(T, —w— T
Q(1,0) = % and Qu(7,¢) = (ljaff [;(l_qg + g} From (B.1) and (B.2),
growth maximization (0y/01 = dv/d¢ = 0) does not coincide with welfare maximization.
Next, we show the existence of the SB policy. Because liné (1, 0) + (1 = 7)Q (1, 0)] =
T
-

+o00 and lin%[—Q(T7 o)+ (1 —1)Q(1,0)] = —[¢/(1 — (b)](l,ﬁfj” we obtain lin% Oz /0T =
T T

lin% 0v/0T = 400 and lin% Ox /0T, lirr% 0v/0t1 < 0. Therefore, we obtain

T T— T—

. 0Uy . oUy
111}(1)? = 400 and 11Lr% o < 0. (B.3)
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In addition, lim Q4(7, ¢) = oo and lim Q4(7, ¢) = —oo lead to
»—0 d—1

. 0Uy . 0Uy
(lblgtl) 8—¢ = 400 and il_)rr{ % < 0. (B.4)

Because Uy is a continuous function of 7 and ¢ for 7 € (0,1) and ¢ € [0,1], (B.3) and (B.4)
show that there is at least one pair of (7, ¢) at which both 0U,/01 = 0 and 9U,/0¢ = 0 are
satisfied. In other words, there is at least one SB policy.

Finally, we evaluate (B.1) and (B.2) under the GM policy (i.e., (1,¢) = (7™, M) and

g—z = g—; = (). Some easy algebra yields

6U0| o \I/aquGM(l _ 7_GM)Q(7_G]\/I7 ¢)G1\1){I|(Ty¢):(TGM’¢GM)}7U ~0 (B 5)
or (0= = =)l — a1 — 65 rEMP i
8U0| GM HGMY =— — leaTGM(l _ TGI\/I)Q(TCHW’ ¢GM){£C|(T,¢):(TGIW~'¢GIW)}7U < 0 (B 6)
0o (e = =)l — a1 - 65 7EMP i

From (B.5) and (B.6), 75 < 7™ and ¢°F < ¢“M hold. From (14), 758 < 7™ and ¢°F <
sB oM
»“M lead to (%) < (%) . In addition, from the statements in the paragraph following
(13) in Section 3, we find that %Lj > 0, ‘%ﬂ > 0, and ¢%% < ¢“M indicate that ugB < U?M.
Furthermore, % > 0 and ™7 < 76M tend to show (%)SB < (g)GM, while é)(gié)y) <0
)SB G

and ¢°% < ¢“M tend to show (% > (V)GM. This leads to ambiguity about which is larger,

SB M
not only between (%)SB and (%)GM, but also between (%) and (%) )
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